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1 Introduction and results
The extra discrete physical states in the 2D gravity coupled to matter have been a subject
of a number of recent studies. Their existance had been observed in the matrix model
approach [1] for C = 1 theory, and they have been defined in the continuum theory and
further analyzed in [2, 3, 4, 5, 6, 7], for more general class of theories.
The operator algebra of the operators corresponding to these extra discrete states
have been defined in [8, 9], in the framework of C = 1 theory, for the vanishing value
of the cosmological constant. It was found that the chiral current type operators form
the w∞ algebra, while the zero-form, zero ghost number operators form the ground ring
algebra. In the matrix model approach the related results have been obtained in the
papers [10].
Further consequences of these algebras, in the form of Ward identities for amplitudes
of tachyonic operators have been analyzed recently in [11, 12, 13, 14, 15].
Here we shall calculate the deformation of the above mentioned algebras by the pres-
ence in the theory of a nonvanishing cosmological constant. Work in that direction have
been done in a number of recent papers [16, 17, 18, 19].
But we shall repeat first some of the remarks made in [19] to the structure of the
physical states in 2D gravity coupled to the minimal model as matter. This is to make
further calculation of the algebras applicable to a wider class of theories.
2D gravity coupled to minimal matter could be represented, apart from ghosts, by
two free fields with background charges, with the stress-energy tensor
T = TM + TL (1.1)
TM = −1
2
(∂ϕM)
2 + iα0∂
2ϕM , TL = −1
2
(∂ϕL)
2 + β0∂
2ϕL (1.2)
Here ϕM and ϕL are normalized as:
〈ϕMϕM〉 = 〈ϕLϕL〉 = log 1|z − z′|2 (1.3)
The field ϕM is to represent, by the Coulomb gas technique, the conformal theory of
1
matter, and ϕL that of Liouville. The relation for the central charges is:
C = CM + CL = 26 (1.4)
CM = 1− 12α20, CL = 1 + 12β20 , β20 − α20 = 2 (1.5)
The usual physical state operators will be of the form, by David and Distler-Kawai
arguments [20]:
Φ
(∓)
n′.n(z, z) = exp(iαn′.nϕM(z, z) + β
∓
n′.nϕL(z, z)) (1.6)
αn′.n =
1− n′
2
α− +
1− n
2
α+ (1.7)
βn′.n =
1− n′
2
β− +
1− n
2
β+, β
∓
n′.n = β−n′.n, βn′.−n (1.8)
α± = α0 ±
√
α20 + 2, β± = β0 ±
√
β20 − 2 = ±α± (1.9)
with (n′.n) taking their values inside the basic conformal grid:
1 ≤ n′ ≤ p′ − 1, 1 ≤ n ≤ p− 1 (1.10)
Here p′, p : α2+ = 2p
′/p, p′, p being relative prime numbers. The unusual physical oper-
ators, the extra ones as compared to the minimal midel without gravity, are the special
states in the modules of the states αn′.n in (1.6) (with β
∓
n′.n to be shifted appropriately),
or the states (1.6) themselves with (n′.n) outside the basic grid (1.10).
Under the linear transformation in the system of two fields ϕM and ϕL:
ϕM(z, z) =
1
2
(−iα0ϕ1 + β0ϕ2)
ϕL(z, z) =
1
2
(−β0ϕ1 − iα0ϕ2) (1.11)
the stress-energy tensor (1.1) takes the form
T = −1
4
(∂ϕ2)
2 − 1
4
(∂ϕ1)
2 − ∂2ϕ1 = T2 + T1 (1.12)
with fields ϕ1 and ϕ2 normalized as:
〈ϕ1ϕ1〉 = 〈ϕ2ϕ2〉 = 2 log 1|z − z′|2 (1.13)
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By (12) we observe that we get an effective C = 1 theory: ϕ2-‘matter’, with α0 = 0,
C2 = 1, and ϕ1-‘Liouville’, with β0 = −1, C1 = 25.
The operators in (1.6) become:
Φ
(−)
n′.n(z, z) = exp(ij
(−)
n′.nϕ2 + (−1− j(−)n′.n)ϕ1)
j
(−)
n′.n =
n′
2
ρ′ − n
2
, ρ′ =
(α)2−
2
=
p
p′
(1.14)
Φ
(+)
n′.n(z, z) = exp(ij
(+)
n′.nϕ2 + (−1 + j(+)n′.n)ϕ1)
j
(+)
n′.n =
n′
2
− n
2
ρ, ρ =
(α)2+
2
=
p′
p
(1.15)
Taking e.g. the branch (1.15) we observe that the states (n′.0) are mapped, by
the linear transformation (1.11), onto the su(2) discrete tachyonic states of the C = 1
theory. Their modules involve su(2) multiplets of extra physical states [2, 3, 5]. The
usual physical states are mapped onto the tachyonic states with fractional values of the
su(2) momenta.
Notice that the extra physical states in the modules of the αn′.n states (1.6) (with
β∓n′.n to be shifted) get assembled in the modules of the su(2) tachyonic states, (n
′.0) or
(0.n), after the linear transformation (1.11). We have to check for the first extra state
in the module of αn′.n, as the inclusion repeats itself. The first extra state will have the
form:
(...) exp(iαn′.nϕM(z, z) + βn′.nϕL(z, z)) (1.16)
βn′,−n is replaced with βn′.n, and the conformal dimension of the exponential operator
becomes 1 − n′n; (...) stands for a polynomial of ϕM , ϕL oscillator states, of level n′n.
The exponential in (1.16) transforms, under (1.11), into
(...) exp(i
n′ − n
2
ϕ2 + (−1 + n
′ + n
2
)ϕ1) (1.17)
This is the state in the module of j = n
′−n
2
‘matter’ state.
After these remarks it is clear that we may as well stay in the framework of the C = 1
theory with gravity, when calculating amplitudes (correlation functions). In this respect
3
it is more a question of what particular set of operators we are interested in, than what
is the C-matter of the theory.
We shall give next the results for the operator algebra of su(2) physical state operators
[8]:
Tj,m = Tj,mT j,m, Oj,m = Oj,mOj,m (1.18)
and
Wj,m = Tj+1,mOj,m (1.19)
Tj,m are the conformal dimension one chiral operators:
Tj,m = (H
−)j−m exp(ijX + (−1 + j)φ) (1.20)
H− =
∮ du
2pii
exp(−iX(u)) (1.21)
They form su(2) multiplets. The importance of the chiral (antichiral) operators Oj,m
(Oj,m) have been stressed in [8]. The j = 1/2 states have the following explicit form:
O 1
2
, 1
2
=: (cb+
i
2
∂X − 1
2
∂φ) exp(
i
2
X +
1
2
φ) : (1.22)
O 1
2
,− 1
2
= H−O 1
2
, 1
2
=: (cb− i
2
∂X − 1
2
∂φ) exp(− i
2
X +
1
2
φ) : (1.23)
We have assumed in (1.20–1.23) the notations and normalizations of [9, 11]. In particular
X =
√
2ϕM , φ =
√
2ϕL, α0 = 0, β0 = −1
〈XX〉 = 〈φφ〉 = 2 log 1|z − z′|2 (1.24)
b, c are covariant ghosts, dimension 2,–1 chiral fields. In the fully bosonized form the
operator O 1
2
, 1
2
in (1.22) becomes:
O 1
2
, 1
2
=: (i∂ϕ +
i
2
∂X − 1
2
∂φ) exp(
i
2
X +
1
2
φ) : (1.25)
Here [21]
c = exp(iϕ), b = exp(−iϕ), : cb := iϕ
〈ϕϕ〉 = log 1
(z − z′) (1.26)
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The operator Oj,m in (1.19) balance the left-right momenta of physical chiral operators,
the currents Wj,m [8].
Let us introduce the following operator:
δ = −
∮
du
2pii
b(u) exp(− i
2
X +
1
2
φ)
= −
∮ du
2pii
exp(−iϕ− i
2
X +
1
2
φ) (1.27)
It is easy to check that
δ(c(z)T1,1(z))
= −
∮ du
2pii
exp(−iϕ− i
2
X +
1
2
φ)× exp(iφ(z) + iX(z)) = O 1
2
, 1
2
(z) (1.28)
Easy to see also that δ2 = 0, δ commutes with H−, eq.(1.21), and it can be checked, with
some algebra, that δ commutes with the BRST operator
d =
∮
du
2pii
: c(TM + TL +
1
2
Tgh) (1.29)
– this is up to some bare null states, which are supposed to decouple in the amplitudes.
Then, in the general case, we will have, by matching the quantum numbers:
Oj,m = δ(cTj+ 1
2
,m+ 1
2
) (1.30)
The calculation of each particular term of the operator algebra factorizes onto chiral
and antichiral factor calculations, up to a small detail for the Liouville part which is
remarked on in Section 2. The calculation of the operator algebra of the Tj,m chiral
factors in (1.18),(1.19) has already been done in [19], and is reproduced in Section 2, in
a slightly different way. The calculation of the algebra of the chiral operators Oj,m can
be done using the representation (1.30). This is done in Section 3.
The general form of the algebras could be written as follows:
Tj1,m1(z, z)× Tj2,m2(z′, z′) =
1
|z − z′|2
∑
j3
D
(T )
(j1,m1),(j2,m2),(j3,m3)
Tj3,m3(z′, z′) (1.31)
Oj1,m1(z, z)×Oj2,m2(z′, z′) =
∑
j3
D
(O)
(j1,m1),(j2,m2),(j3,m3)
Oj3,m3(z′, z′) (1.32)
Wj1,m1(z, z)×Wj2,m2(z′, z′) =
1
(z − z′)
∑
j3
D
(W)
(j1,m1),(j2,m2),(j3,m3)
Wj3,m3(z′, z′)(1.33)
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with the operator algebra structure constants having the general form:
D
(T )
(j1,m1),(j2,m2),(j3,m3)
= (A(j1,m1),(j2,m2),(j3,m3))
2 (1.34)
D
(O)
(j1,m1),(j2,m2),(j3,m3)
= (B(j1,m1),(j2,m2),(j3,m3))
2 (1.35)
D
(W)
(j1,m1),(j2,m2),(j3,m3)
= A(j1+1,m1),(j2+1,m2),(j3+1,m3)B(j1,m1),(j2,m2),(j3,m3) (1.36)
In the r.h.s. of (1.31–1.33) just the BRST cohomology states are kept. The component
constants A and B are found, in Section 2 and Section 3, to have the following form, for
the appropriately normalized operators:
A(j1,m1),(j2,m2),(j3,m3) = (
j1 j2 j3
m1 m2 −m3)d
(A)
j1,j2,j3 (1.37)
d
(A)
j1,j2,j3 =
(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
∆
1/2
j1,j2,j3[(2j1 − 1)!(2j2 − 1)!(2j3 − 1)!]1/2
(1.38)
B(j1,m1),(j2,m2),(j3,m3) = (
j1 j2 j3
m1 m2 −m3)d
(B)
j1,j2,j3 (1.39)
d
(B)
j1,j2,j3 =
(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
∆
1/2
j1,j2,j3[(2j1)!(2j2)!(2j3)!]
1/2
(1.40)
Here (j1 j2 j3m1 m2 m3) is the su(2) 3j symbol. The factor ∆
1/2
j1,j2,j3, which in fact cancels in
the products of the 3j symbols and the d coefficients in (1.37),(1.39), is given by
∆
1/2
j1,j2,j3 = [
(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
(j1 + j2 + j3 + 1)!
]1/2 (1.41)
The structure constants D(W) of the algebra of currents (1.33) can be written more
explicitly as
D
(W)
(j1,m1),(j2,m2),(j3,m3)
= (j1+1 j2+1 j3+1m1 m2 −m3)(
j1 j2 j3
m1 m2 −m3)d
(A)
j1+1,j2+1,j3+1d
(B)
j1,j2,j3 (1.42)
Under the permutation of e.g. (j1, m1) and (j2, m2) the 3j symbols produce the factors:
(−1)j1+j2+j3+3 × (−1)j1+j2+j3 = −1 (1.43)
So the constants (1.42) are properly antisymmetric. The current constants should satisfy
also the Jacobi identities, which is harder to verify. This has not been done yet.
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2 Calculation of the operator algebra of Tj,m
We shall look at the product of two particular operators and shall calculate the coefficient
at a particular term (operator) in the r.h.s.:
Tj1,j1 × Tj2,j3−j1 → ... Tj3,j3 (2.1)
The operators Tj,m are defined in (1.20). It is easy to check that the coefficient at Tj3,j3
is given by:
I = IMIL (2.2)
IM = 〈exp(ij1X(0)× (
k∏
1
∮
dvi
2pii
exp(−iX(vi)))× exp(ij2X(1))〉
=
k∏
1
∮
dvi
2pii
(vi)
−2j1(vi − 1)−2j2
k∏
i<j
(vi − vj)2 (2.3)
= k!
k∏
1
Γ(i)Γ(2j3 + i)
Γ(2j1 + 1− i)Γ(2j2 + 1− i) (2.4)
(double use of i in (2.3) should not be confusing). Here k ≡ kM = j1+ j2− j3. The result
(2.4) is obtained by transforming the contours in (2.3), which encircle the point z = 1, to
the standart ones in [22], and then substituting the result for the integral. Some further
slight transformations of the resulting products has been done to put the result in a more
symmetric form.
IL =
(µ)kL
kL!
〈exp((−1 + j1)φ(0)× (
kL∏
1
∫ +∞
−∞
dwi exp(−φ(wi)))× exp((−1 + j2)φ(1))〉
=
(µ)kL
kL!
kL∏
1
∫ +∞
−∞
dwi(wi)
2(−1+j1)(wi − 1)2(−1+j2)
kL∏
i<j
(wi − wj)−2 (2.5)
= (
µ
Γ(−1))
kL
kL∏
1
Γ(2j1 − i)Γ(2j2 − i)
Γ(1 + i)Γ(2j3 + 1 + i)
(2.6)
Here kL = j1 + j2 − j3 − 1 = kM − 1. The contours in (2.5) extend from −∞ to +∞
going below z = 0 and above z = 1. They had been deformed to the standard ones, and
the result for the integral in [22] had been used.
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For the product of IMIL in (2.2) we get
I = (
µ
Γ(−1))
kL(j1 + j2 − j3)! Γ(2j3 + 1)
Γ(2j1)Γ(2j2)
(2.7)
The remark is in order. The Liouville integral in (2.5) is presumed to come from the
expansion over the term
µ
∫
d2w exp(−φ(w,w)) (2.8)
in the action for the field φ. The kLth order term is
(µ)kL
kL!
kL∏
1
∫
d2wi exp(−φ(wi, wi)) (2.9)
It is being picked up by the (anomalous) conservation of the φ field momenta (or ‘charges’,
for the theory with the background charge β0 = −1). The integrals in (2.9), which are
over the 2D plane, are to be factorized onto chiral and antichiral contour integrals, as is
explained e.g. in [23]. In the expansion over the exponential term (2.8) the chiral and the
antichiral integrals will go in parallel, in equal numbers, so that the Liouville momenta
have to match on both sides of the operator product algebra for the physical operators,
i.e. in the relation (2.1) supplied by the antichiral partners:
(Tj1,j1T j1,j1)× (Tj2,j3−j1T j2,j3−j1)→ ... (Tj3,j3T j3,j3) (2.10)
It should be noted also that, in undoing the 2D integrals over the plane into the
product of the contour integrals, one gets, in a particular way of doing it, the contours
extending from −∞ to +∞, one contour going below the other, and all going below the
point z = 0 and above the point z = 1. This is on the chiral side. In the corresponding
antichiral factor the integrations will be of the ordered type, one point after another, in
the interval 0 < z < 1. This could be replaced also by the integral with all the contours
going from z = 0 to z = 1, one below the other, which is to be devided then by kL!.
This replacement is useful to avoid the formal problem with the exponent −2 in (2.5).
(Notice that j1, j2 could be thought of, in the calculation of the integral, as having general
values, till the final result; so the rest of the exponents in the integrals pose no problem).
Taken one way or another, the antichiral part will obviously not supply the extra factor
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of (µ)kL; but also it will not produce the extra factor of (1/Γ(−1))kL, as can be checked.
The factor
(
µ
Γ(−1))
kL ≡ (µeff)kL (2.11)
is in fact common for the chiral and the antichiral parts of the operator product algebra.
Since we want to consider the µ deformed algebra, the cosmological constant is being
renormalized in a singular way, as in (2.11), which is the known point of the C = 1
theory. One also could think of it as of a singular renormalization of the corresponding
screening operators, which would be the case for the C < 1 theory rotated to the effective
theory with C = 1.
Performing the singular renormalization, or letting µ to vanish, appears in this respect
as our own choice of the theory, both being well defined.
By su(2) invariance the coefficient of (2.1) in (2.7) should have the form:
(µeff)
kL(j1 j2 j3j1 j3−j1 −j3)dj1,j2,j3 (2.12)
where the first factor is the su(2) 3j symbol, which in particular could be given as:
(j1 j2 j3m1 m2 m3)
= ∆1/2[(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!]1/2
×∑
i
(
(−1)j1−j2−m3+i
(i)!(j1 + j2 − j3 − i)!(j1 −m1 − i)!(j2 +m2 − i)!
1
(j3 − j2 +m1 + i)!(j3 − j1 −m2 + i)!) (2.13)
with ∆1/2 given in (1.41). Matching (2.13) with (2.7), to obtain the coefficients dj1,j2,j3,
we have to remove first the extra su(2) normalization of the operators Tj,m in (1.20),
which is
〈T+j,m Tj,m〉 ∝ (2j)!
(j −m)!
(j +m)!
(2.14)
Finally, for the coefficients of the operator product expansion
Tj1,m1 × Tj2,m2 →
∑
j3
Tj3,m3 (2.15)
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we get
(j1 j2 j3m1 m2 −m3)dj1,j2,j3 (2.16)
with
dj1,j2,j3 = (µeff)
j1+j2−j3
(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
∆
1/2
j1,j2,j3[(2j1)!(2j2)!(2j3)!]
1/2
(2j3)!
(2j1 − 1)!(2j2 − 1)! (2.17)
This could be given in a more symmetric form as:
(µeff)
j1+j2−j3 × (j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
∆
1/2
j1,j2,j3[(2j1 − 1)!(2j2 − 1)!(2j3 − 1)!]1/2
×[ (2j3)
(2j1)(2j2)
]1/2 × (2j3 − 1)!
(2j1 − 1)!(2j2 − 1)! (2.18)
The above differs from the expression obtained in [19] by the normalization factors
of individual operators. This is due to different representation of operators used in [19]
and here.
The extra factor of 1/Γ(0) in [19] is that of the partition function normalization. It
is absent here since we are doing directly the operator product expansion, instead of
calculating the 3-point function.
The first, third, and fourth factors could be absorbed into the normalization of the
operators, which leaves us with the symmetric coefficients d
(A)
j1,j2,j3 in (1.38). We remark
that we have not followed and kept the overall sign factors, as they cancel eventually in
the products of the chiral and antichiral factors.
3 Calculation of the operator algebra of Oj,m
For the operators Oj,m, eq.(1.30), we shall again calculate the coefficient in
Oj1,j1 × Oj2,j3−j1 → ... Oj3,j3 (3.1)
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which is easier, in a similar way as for the operators Tj,m in Section 2. We have:
Oj1,j1(0)×Oj2,j3−j1(1)
= δ(c(0)Tj1+ 12 ,j1+
1
2
(0))× δ((H−)j2−j3+j1c(1)Tj2+ 12 ,j2+ 12 (1))
→ ... δ(cTj3+ 12 ,j3+ 12 ) (3.2)
The contour of δ acting on the operator at z = 0 in l.h.s. can be tranformed to the
contour which encircles both operators, at z = 0 and at z = 1, which is appropriate
to obtain eventually the operator in r.h.s., plus the configuration where two δ contours
encircle the operator at z = 1. The last vanishes because of δ2 = 0. Then it is sufficient
to calculate a slightly reduced operator algebra, that of
cTj1+ 12 ,j1+
1
2
× δ((H−)j2−j3+j1cTj2+ 12 ,j2+ 12 )→ ... cTj3+ 12 ,j3+ 12 (3.3)
It is easy to check that the coefficient at the operator in r.h.s. of (3.3) is given by the
integral:
I = 〈exp(i(j1 + 1
2
)X(0) + (−1
2
+ j1)φ(0) + iϕ(0))
×
∮
du
2pii
exp(− i
2
X(u) +
1
2
φ(u)− iϕ(0))×
kM∏
1
∮
dvi
2pii
exp(−iX(vi))
× 1
kL!
kL∏
1
∫ +∞
−∞
dwi exp(−φ(wi))
× exp(i(j2 + 1
2
)X(1) + (−1
2
+ j2)φ(1) + iϕ(1))〉
=
∮
du
2pii
(u)−(2j1+1)(u− 1)−(2j2+1)
×
kM∏
1
∮
dvi
2pii
(vi)
−(2j1+1)(vi − 1)−(2j2+1)(vi − u)
kM∏
i<j
(vi − vj)2
× 1
kL!
kL∏
1
∫ +∞
−∞
dwi(wi)
2j1−1(wi − 1)2ji−1(wi − u)
kL∏
i<j
(wi − wj)−2 (3.4)
This could be put into the form:
I =
∮ du
2pii
(u)−(2j1+1)(u− 1)−(2j2+1)IM (u)IL(u) (3.5)
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with
IM(u) =
kM∏
1
∮ dvi
2pii
(vi)
−(2j1+1)(vi − 1)−(2j2+1)(vi − u)
kM∏
i<j
(vi − vj)2 (3.6)
IL(u) =
1
kL!
kL∏
1
∫ +∞
−∞
dwi(wi)
2j1−1(wi − 1)2ji−1(wi − u)
kL∏
i<j
(wi − wj)−2 (3.7)
One checks that in this case (different from that in Sec.2)
kM = kL = j1 + j2 − j3 ≡ k (3.8)
The u contour in (3.5) encircles z = 1, like the vi contours in (3.6). The wi contours go
below z = 0 and above z = 1,– see remarks on the Liouville contours in Section 2. We
dropped here the factor (µ)kL in front of the Liouville integrals.
Some intermediate expressions are more symmetric if we present the integrals (3.6),
(3.7) in the following forms:
IM(u) ≡ (u)kJM(t), t = 1/u
JM(t) =
k∏
1
∮
dvi
2pii
(vi)
−(2j1+1)(vi − 1)−(2j2+1)(vit− 1)
k∏
i<j
(vi − vj)2 (3.9)
IL(u) ≡ (u)kJL(t), t = 1/u
JL(t) =
1
k!
k∏
1
∫ +∞
−∞
dwi(wi)
2j1−1(wi − 1)2j2−1(wit− 1)
k∏
i<j
(wi − wj)−2 (3.10)
The integrals JM(t), JL(t) could be transformed to the following forms:
JM(t) = (
sin pi(−2j2 − 1)
pi
)k
×
k∏
1
∫ 1
0
dxi(xi)
2j3+1(1− xi)−2j2−1(t− xi)
k∏
i<j
(xi − xj)2 (3.11)
JL(t) = (
sin pi(2j2 − 1)
pi
)k
× 1
k!
k∏
1
∫ 1
0
dyi(yi)
−3−2j3(1− yi)2j2−1(t− yi)
k∏
i<j
(yi − yj)−2 (3.12)
The contours in (3.11),(3.12) go one below the other, all in the range 0 < z < 1.
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The following results have been found for these integrals:
JM(t) = JM(0)FM(t) (3.13)
JM(0) = k!(−1)k
k∏
1
Γ(i)Γ(2 + 2j3 + i)
Γ(2 + 2j1 − i)Γ(2 + 2j2 − i) (3.14)
JL(t) = JL(0)FL(t) (3.15)
JM(0) =
(−1)k
Γ(−1)
k k∏
1
Γ(1 + 2j1 − i)Γ(1 + 2j2 − i)
Γ(1 + i)Γ(1 + 2j3 + i)
(3.16)
FM (t) = FL(t) = F(1 + j1 − j2 + j3,−k; 2 + 2j3; t) (3.17)
In (3.17) F(α, β; γ; t) is the hypergeometric function – a polynomial, in fact, of order
k, as β = −k, and k is always assumed to be integer. This form of FM(t), FL(t) is an
assumption, verified by calculating the first two and the last coefficients of the expansions
of JM(t), JL(t) in powers of t.
Using the parametrization
a = −2j2 − 1, b = 2j3 (3.18)
the function (3.17) could be presented in the following form:
F(t) = (−1)kk! Γ(2 + b)
Γ(2 + k + b)
P
(a,b+1)
k (2t− 1) (3.19)
where P
(α,β)
k is the Jacobi polynomial.
On account of (3.9-3.19) the integral (3.5) could be transformed as
I =
sin pi(−2j2 − 1)
pi
JM(0)JL(0)
∫ ∞
1
du(u)−(2j1+1)(u− 1)−(2j2+1) × (u)2k(F( 1
u
))2
=
sin pi(−2j2 − 1)
pi
JM(0)JL(0)
∫ 1
0
du(u)2j3(1− u)−2j2−1(F(u))2
=
sin pi(−2j2 − 1)
pi
JM(0)JL(0)(k!
Γ(2 + b)
Γ(2 + k + b)
)2
×
∫ 1
0
du(u)b(1− u)a(P (a,b+1)k (2u− 1))2 (3.20)
The parameters a, b are defined in (3.18). The last integral could be found in the tables
and is given by
Γ(2 + b+ k)Γ(1 + a+ k)
k!(b+ 1)Γ(2 + a+ b+ k)
(3.21)
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Substituting the expressions for JM(0), JL(0) in (3.14), (3.16), and the expression (3.21)
for the integral in (3.20), we find:
I =
1
(Γ(−1))k (j1 + j2 − j3)!
Γ(1 + 2j3)
Γ(1 + 2j1)Γ(1 + 2j2)
(3.22)
This is the value of the coefficient in the operator product expansion (3.3) and (3.1),
the factor (1/Γ(−1))k is to be absorbed in the renormalization of (µ)k which has been
dropped in the above expressions. On general grounds this coefficient has to be of the
form:
(j1 j2 j3j1 j3−j1 −j3)d
′
j1,j2,j3
(3.23)
like that in Section 2. In a similar way, by matching (3.23) with (3.22), the coefficient
d′j1,j2,j3 is found to be:
d′j1,j2,j3 = (µeff)
j1+j2−j3 × (j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!
∆
1/2
j1,j2,j3[(2j1)!(2j2)!(2j3)!]
1/2
× (2j3)!
(2j1)!(2j2)!
(3.24)
Here we have supplied back the factor (µeff)
k. The first and the last factors in (3.24)
could be absorbed into the normalization of the operators, and we get the symmetric
coefficients d
(B)
j1,j2,j3 in (1.40).
4 Conclusions and discussion
One conclusion of the calculation is that the deformed operator algebra of currents is
different from T (µ), the enveloping algebra of su(2) for a fixed value µ of the quadratic
Casimir operator, which has been discussed in a number of recent papers.
The relation of the operators Oj,m to Tj,m by the operator δ in (1.30) might be of
interest on its own, apart from the purpose of the calculation in this paper.
The relation by the linear transformation (1.11) of the minimal, C < 1, and C = 1
theories suggests the use of extra screening operators, of Liouville–matter mixed type.
They would appear in particular in the representation of correlation functions of fractional
14
j operators (1.14),(1.15), in the context of C = 1 theory. The correlation function of
this type are related to the unsolved yet problem of calculating the general multipoint
functions in C < 1 theory,– to begin with the four–point ones, still on a sphere. Remarks
to this problem are given in [24]. We hope to make some progress on this in the future.
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